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ABSTRACT 


Let  a,b  belong  to  the  HOlder  class  H°'°^2( [0,1] x[o,T]  )  with 
a  €  (0,1)  and  a  >  aQ  >  0.  It  is  shown  that  for  the  solution  of  the  problem 

ufc  -  au^^  -  t  ^2bux  ■  t  1y^2f,  (x,t)  e  [0,1]  *[0,T]  , 

u( • ,0 )  -  # 

u(v,«)  -  *v  ,  v  -  0,1  , 


the  estimate 


■  J/2  . 

’“'V'  \x'a,a/2  ‘ 


c(,f,a,a/2  +  +  J0  'VtV2*vV2l 


holds  if  the  data  f,  +,  ^  satisfy  the  appropriate  compatibility  conditions. 

Here  II  ..,11,11..  denote  the  norms  of  the  HOlder  classes 

a,  0/2  a  a/2 

Ha,o/2( [o,i] x[0,T] ),  H°([0,1])  and  H°^2([0,T])  respectively  and  the 
constant  c  depends  on  a,  aQ,  la,blQ  and  T.  The  result  extends  to 

quasilinear  problems  with  a,  b  and  f  depending  on  x,  t  and  u. 


AMS  (MOS)  Subject  Classification:  35K20 

Key  Words:  parabolic  equations,  linear,  singular,  regularity 
Work  Unit  Number  1  -  Applied  Analysis 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041 .  This 
material  is  based  upon  work  supported  by  the  National  Science  Foundation  under 
Grant  No.  MCS-7927062,  Mod.  2. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
susstary  lies  with  MR C,  and  not  with  the  author  of  this  report. 


2.1  Auxiliary  lemmas 

2.2  Tha  Cauchy  problem 

2.3  The  boundary  value  problem 

3.  Extension  to  variable  coefficients 

3.1  Reduction  of  the  problem 

3.2  Auxiliary  lemmas 


3.3  Proof  of  the  main  theorem 


LINEAR  PARABOLIC  EQUATIONS  WITH  A  SINGULAR 
LOWER  ORDER  COEFFICIENT 


Klaus  Hflllig 

1.  statement  of  the  result 

We  consider  the  linear  parabolic  Initial  boundary  value  problem 

r  u  (x,t)  -  a(x,t)u  (x,t)  -  t  1/,2b(x,t)u  (x#t)  -  t  1y^2f(x,t), 

t  XX  X 

(x,t)  e  JL,  [0,1]  X[0,T] , 

(1*1) 

u(x,0 )  -  +(x)  ,  x  e  [0,1], 

^u(v,t)  -  tv(t),  t  e  [o,t]  ,  v-  0,1  . 

Problems  of  this  type,  with  a  singular  coefficient  of  u^,  may  arise  when 

transforming  parabolic  equations  from  a  domain  with  curved  boundaries  to  the 

standard  domain  8  .  Consider,  e.g. ,  the  heat  equation, 

,  -1/2 
I  v.  -  v  -t  g  on  Q 
J  t  yy 

(1.2)  < 

^  v  «  0  on  30 

on  the  domain  0  ■  {(y,t)  1  0  <y  <1  ♦  t1^2,  t  6  [0,T]>.  By  the  change  of 

variables  x  -  y/(1  +  t1^2),  (1.2)  is  equivalent  to  (1.1)  with  u(x,t)  ■ 

▼<y#t),  f(x,t)  -  g(y,t),  ♦  ■  -  0,  a  -  (1  +  t1/2)“2  and  b(x,t)  « 

1  1/2 

—  x/(1  ♦  t  ).  More  generally,  any  parabolic  equation  on  a  domain  with 
smooth  vertical  boundaries  that  touch  the  x-axis,  but  have  nonzero  curvature 
as  t  ♦  0,  leads,  after  a  change  of  variables,  to  a  problem  of  the  form 
(1.1). 

We  shall  show  that,  under  the  assumptions  on  the  coefficients  and  the 
data  specified  in  (1.3)  -  (1.5)  below,  the  solution  of  problem  (1.1)  and  its 
partial  derivative  with  respect  to  x  are  HOlder  continuous  up  to  the 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041 .  This 
material  is  based  upon  work  supported  by  the  National  Science  Foundation  under 
Grant  No.  MCS-7927062,  Mod.  2. 


>  - 


boundary.  This  is,  in  general ,  no  longer  true  for  a  singularity  of  the  form 

c  >  0,  in  the  coefficient  of  Ujj. 

We  use  the  Hftlder  norms 

Ixl.  T  *■  sup  lx<*>  -  X(*')|/|*  1° 

0,1  z,z'ei 

'X'a,!  -  'X*.,!  ♦  lxla<1 

|w|  sup  |w(x,t)-w(x',t) |/|x-x' | ° 

a,X'“  <x,t),(x',t)eQ 


|w(x,t)-w(x,t* ) |/|t-t' I ® 
|w|o,0,n  *"  |w|a,x,n+  ,w|0,t,n 


(x,t),(x,t')en 


Iwl  .  _  :■  Iwl  -  +  I W I  a  _ 

0,0, n  »,o  o,b, n 


where  o,0  e  (0,1)  and  denote  by  Ha(l)  and  H®' the  HBlder  classes 
corresponding  to  the  norms  I  1^  J  and  I  lft  ^  The  subscripts  I  and  0 
are  omitted  if  the  domains  are  clear  from  the  context.  We  also  need  the 
subspaces  Ha([0,T])  »-  (x  e  H°([0,Tj)  :  X<0>  *  0)  «»<*  H®*  *(I  *[0,T]  )  s- 

{w  e  H®'®(I*[0,T] )  :  w(x,0)  -  0,  x  €  l}.  For  simplicity  of  notation  we  write 
t\  end  t^w  for  the  functions  t»  t^x(t)  and  (x,t)  w  t\r(x,t). 

We  assume  that  the  coefficients  a,  b  and  the  data  f ,  $,  for  the 
problem  (1.1)  satisfy 


(1.3) 


a,b  e  H 


o,o/2 


a  >  aQ  >  ° 


(1.4) 


r  f  e  Ha,a/2 

e  h  a 

,  Vt,/2n « «va 


Theorgg  1.1.  Under  the  assumptions  (1.3)  -  (1.5)  the  solution  of  the  problem 
(1.1)  satisfies 


(1.6) 


'u'Vt1/%ot'„,v2,(<I  * 

T 

1  'V‘1/2nv2.  (.,*!> 


where  the  constant  c  depends  on  a,  a. ,  la,bl  _  and  T.  Moreover  we 

0  a,  <v2 ,  IL 

have 

(1.7)  lim  t1/2u  (x,t)  -  0,  x  e  [0,1]  . 

t-H) 


-1/2 

The  Theorem  remains  valid  if  we  replace  in  problem  (1.1)  t  b(x,t)  by 
t*\(x,t)  with  y  <  1/2.  In  this  case  t~Ybux  can  be  regarded  as  a  minor 
term  and  the  result  can  be  obtained  from  Theorem  1.1  by  iteration.  The 
Theorem  also  extends  to  quasilinear  problems  of  the  type  (1.1)  with  a  - 
a(x,t,u),  b  -  b(x,t,u),  f  -  f(x,t,u)  if  we  assume,  e.g.,  that  a,  b,  f  are 
C1 .  We  stated  the  result  in  the  simplest  setting  to  focus  on  its  essential 
feature,  the  singularity  in  the  coefficient  of  ux. 

The  difficult  part  of  the  proof  of  Theorem  1.1  is  to  show  (1.6)  for  the 
constant  coefficient  problem  on  the  domain  R+x[0,T]  (section  2.3).  We  then 
use  a  standard  technique  [L,  pp.  295-341]  to  extend  the  result  to  the  case  of 
variable  coefficients  (section  3).  To  keep  the  report  self  contained,  the 
proofs  of  estimates  for  the  Cauchy  problem  (section  2.2)  are  included 
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although  they  are  similar  to  the  corresponding  estimates  for  the  heat 
equation. 


2.  The  constant  coefficient  problem 
2.1.  Auxiliary  lemmas 

We  list  in  this  section  some  elementary  inequalities  and  properties  of 
HSlder  norms.  In  the  sequel  c  denotes  generic  constants  which  may  depend  on 
a,  y,  aQ,  ■«#1>la#a/2« 

(2.1 )  For  z, j  >0  , 

exp(-z)  <  c  exp(-cz)  . 

(2.2)  For  t>s>0,  z6R  , 

-  c  +  c|z|/(t-s)1/2<  | z  +  t1/2-  s1/2|/(t-s)1/2  <  c  +  c|z|/(t-s)1/2  . 

(2.3)  For  t,z  >  0,  j  >  1  , 

%  .-3/2<t-.)-,/s«p(-  fid.  <  c"-))/2  . 


Le— «  2.1.  For  x«HY([0,T]),  ye  (0,1), 

(2»4)  lxlY  <  c  sup  lx!  ,  ..... 

7  je*  Y, [2  3T,2  3  T] 

When  estimating  differences  x(t)  -  x(t')  it  will  be  sometimes 

convenient  to  assume  that  |t-t'|  <  c  min(t,t').  In  view  of  the  Lemma  this  is 

no  loss  of  generality  when  estimating  | xl y* 

1/2 

Lemma  2.2.  Let  v(y,t)  j*  u(x  +  ct  ,t),  then 


(2.5) 


|v|  (V2,t  ‘  C|U|.,V2 


li.  2.3.  Por  tV2x  .  HY(  [0  ,T] ) ,  ye  (0,1),  th.  norm  It1^2  xl„,  1 11^2  xl  ^ 
1/2- v  1/2 

and  (It  X*  +  sup  t  lxlv  )  are  equivalent. 

te(0,T)  7#lt,TJ 


■ 


o  a.  a/ 2 

An  analogous  version  of  this  Ijsmwa  holds  for  H  • 

Proof*  Assume  that  lt1y^2  ^x*.  +  *UP  t1^2 1 xl ^ [t,T]  <  1  and  let 
0  <  s  <  t  <  T.  We  have 

|t1/2x(t)  -  s1/2x(«)l  < 


|(t1/2  -  s1/2)x(t)|  +  |a1/2(X(t)  -  x(s))|  < 
(t-s)t"1/2t"1/2+Y  +  (t-a)Y  <  2(t-s)Y 


and  therefore  |t  '  xly  <  2. 

—  —  1/2 

Now  assume  that  Ixly  <  1  with  x  *•  t  X  end  let 
0  <  s/2  <  t  <  s  <  T.  We  have 

|.'1/2  x<«)  -  t*,/2  x(t)|  < 

l■■1/2(x<»)  -  x(t))l  +  |(.“1/2-  t*1/2)x(t)|  < 

*  t-3/2(.-t.'tlr  < 


Jt-,/2(.-t)1f 


and  therefore  Ixl <  ** 


2.4*  For  y  e  (0,1/2)  define 


QY  :■  (X  «  X<0>  ■  Hm  t^2x'(t)  -  0  , 

t+0 


(2.6) 


'X'o  -  't’/2>','T,[0,Tl  <  *>  • 


Then  we  have,  for  x  ®  Q» 


(2.7) 


,X,Y+1/2'  <  C,X,Q 


In  this  section  we  consider  the  problem 


(2.8) 


ut  -  au^  -  t”1/,2bux  -  t  ^2f,  (x,t)  e  Rx[0,T]  , 


^  u(x,0)  -  $(x),  x  e  R  , 
where  a  >  0  and  b  are  constants. 


Theorem  2.1.  Let  f  6  H°,#a'/,2(RxlOfT]  ),  e  H°(R).  Then  the  solution  of 


problem  (2.8)  satisfies 
(2.9)  lu,u  i 


lu,u  ,t1/2u  I  ,,  <  c{lf»  } 

x  xx  a,a/2  a, a/2  a 


where  c  depends  on  a  and  b.  Moreover  we  have 


(2.10) 


lim  t  u  (x,t)  ■  0,  x  e  R  . 
t-*-0  ** 


The  change  of  variables  y  ***  x  ♦  2bt  '  ,  v(y,t)  **  u(x,t),  g(y,t)  »■ 
f(x,t),  transforms  the  problem  (2.8)  into  the  heat  equation 


(2.11) 


-1/2 

▼t  “  «▼  -  t  g,  (y,t)  6  Rx[0,T]  , 

v(y,0)  -  $(y),  y  e  R  . 


Therefore  the  analysis  of  the  Cauchy  problem  is  fairly  simple.  We  merely  have 

-1/2 

to  take  into  account  the  singular  behavior  of  t  g  as  t  ♦  0.  However, 
for  convenience  of  the  reader,  we  give  a  complete  proof  of  Theorem  2.1. 

By  Lemma  2.2  it  suffices  to  prove  the  assertion  (2.9)  and  (2.10)  for  the 
solution  v  of  problem  (2.11),  i.e. 

(2.12)  lv,v  ,t1/2v  1  <  c{lgl  +  |+,+*  I  } 

y  yy  o,<*/2  o,q/2  Y,Y  o 


(2.13) 


lim  t  v  (y,t)  -  0,  y  e  R  . 
t-0  n 


6 


Denote  by  r<x,t)  s-  (4wt)”1/^2ej{p(-  the  fundamental  solution  of  the  heat 

equation.  He  have  the  estimate  [L,  p.  274] 

2 

(2.14)  |D^  dI  r(x,t)|  <  ct  ^expt-c  7-)  . 

X  b  w 

Also  note  that 


(2.15) 


JR  r(x,t)dx 


j  -  0 
j  >  0  . 


(2.16)  ft  rx(x,t)dt  -  -  \  . 

To  prove  (2.12)  and  (2.13)  we  assume  that  a  -  1  in  problem  (2.11)  and 
consider  two  cases 

(i)  For  g  ■  0  we  have 


‘  “'♦-♦•'a 

*vyA.«/2,Rxtt,*l  <  0,V't’'.  ‘ 


By  Leu— a  2.3,  this  proves  (2.12)  once  we  show 

1/2-<n/2v  |  <  c|  ^'  | 

yy  -  o 

which,  in  turn,  yields  (2.13).  To  this  end  we  note  that  by  (2.14)  and  (2.15), 


|vyy(y,t)l  "  1  ry(y*s,t) ( ♦' (*J  -  ♦,(y>M*|  <  ct"1/2+V2| ♦' | 


(ii)  Now  assume  that  4  ■  0. 
2.5. 


(2.17) 


|v  |  <  c|g| 

y'o,y  o,y 


Proof.  Assume  that  |g|  <  1  and  let  y-y'  *:  h  >  0. 

-  o,y 

▼y(y#t)  -  vy(y*,t)  - 

ft  J  I*  (y-s,t-s)s  1//2(g(z,s)  -  g(y,s))dzds 
0  |y-z|<2h  y 


Using  (2.15)  we  have 


-  /5  /  r  (y'-z,t-s)s  1</2(g(z,s)  -  g(y',s))dzds 

0  |y-z|<2h  y 

+  /!"  /  (r  (y-z, t-s)  -  r  (y'-z,t-s)  )s_1'/2(g(z,s)  -  g(y,s))dzds 


in  J  v-1  '  v 

0  |y-z|>2h  y  y 


+  In  I  r  <y,-*#t-a)s”1^2(g(y,/8)  -  g(y,s))dzds 
0  |  y-z  |  >2h  y 


■*  l  xv  • 

v-1 


Estimating  these  terms ,  using  (2.14),  we  get 


I X1 1  <  c  //(t-s)“1exp(-c  -)s~1/2|y^z| a-* 


<  c  /  I  y-z  I  ^  +  <*dz  <  eh®  . 
|yz|<2h 


For  the  second  inequality  we  have  used  (2.3)  with  j  ■  2.  |I2I  is  estimated 


similarly. 


|I3I  <  h  //|ryy(5-*#t-s)|s"1/2|z-y|adzds 


with  £  -  C(z,s)  e  (y',y).  Since  for  |y-z|  >  2h  *  2(y-y'),  |y-z|/2  < 
|5-z|  <  2|y-z|,  we  obtain,  using  (2.3)  with  j  ■  3, 


|l3l  <  ch  //( t-s)  3/2exp(-c  )b  1/2|y-z|a* 


<  ch  /  Jy-z|  2+°dz  <  ch°  • 

I z-y I >2h 

U4I  <  /J  |r(y*-z,t-s)|^2J;is_1/2h0ds 

.  v“  ft  ,-1/2  -1/2.  .  .  a 

<  ch  L  (t-s)  s  ds  <  ch  . 


Lemma  2.6. 


(2.18) 


‘  c|sl 
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Proof.  Assume  that  |gla>y  <  1  and  let  t-f  -the  <0,t/2>.  Using  (2.15) 

we  have 

vy(y,t)  -  vy(y,tM  - 

/*  .  /  r  (y-s,t-s)s"1/2(g(*,a)  -  g(y,s))dzda 

't-2h  'It  y 

-  /*'  w  /  r  (y-s,t,-s)s“1/2(g(*,s)  -  g(y,s))d*da 
't-2h  ■’R  y  ' 

+  ft-2h  r  (y_e),t-s)  -  r  (y-s/t'-s))s  ^2(g(*,s)  -  g(y,s))d*ds 
J0  *  R  y  y 

*>  I  Iv  • 

v-1 

Estimating  these  terms,  using  (2.14).  we  get 

2 

|I1I  <  c  //  (t-s)-1  exp(-c  -<£*>-).  1^2|y-s|  “dzdx 


<  c  /!_,h  (t-.)-1/2^2  e-1/2d.  < 


| i2 |  is  estimated  similarly. 


U3!  <  h  //  |ryt(y-z.C-s)|s"1/2|y-*l°d*ds 


<  ch  //  (t-s)"2  exp (-c  )s"1 /2 1 y-s I °dsds 

<  ch  /r2h  (t-.)"3/2+^2  s-1/2ds  <  Ch^2  . 


(2.19) 


•t1/2-*2V.<c|gl0,y  * 


proof.  Assuming  |g|  <  1  we  have,  using  (2.14)  and  (2.15), 

■  «#y 

Iv^y.t)!  -  |/J  /R  ryy{y-s,t-s)s"1/2(g(s,s)  -  g(y,s))dzds| 


<  c  //  (t-sf3/2  exp(-c  )•  ^2 I  d*ds 


-9- 


t  _  _,-1+a/2  -1/2^  ,  -1/2+ a/2 


<  c  /:  (t-s) 


s  ds  <  ct 


This  Lemma  proves  (2.13).  In  combination  with  Lemma  2.6  and  the  fact  that 
v(»,0)  -  0  it  also  shows  that 

M1/2,t  «  ,t1/2  Vt'-  “  C,’'«,V2 
and  it  follows  from  Lemma  2.5  that 

,v*vy'a, ct/2  ‘  0,«Vv2  • 

To  coeiplete  the  proof  of  assertion  (2.12),  we  note  that 
^vyy*<*#o/2,Rx[s,T]  < 

ellV'',"«*  lt‘,/2’la,y,.x[..T])  « 

c(.-’/!iy,./!)la.  *',/2|*1a,,,««l./2,fl'  « 


In  view  of 


2.3  and  2.7  this  yields 


It1^2  v  I  .  <  c|g| 

yy  a,  a/2  a,y 


2.3.  The  boundary  value  problem 


In  this  section  we  consider  the  problem 


(2.20) 


ut  -  au^  -  t“1/2bux  -  t’1/2f,  (x,t)  «  R+x[0,T] 


u(x,0)  -  ♦(x),  x  6  R^ 


u(o,t)  -  ♦( t),  t  e  [o ,t] 


where  a  >  0  and  b  are  constants. 
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Theorem  2.2.  Let  f  e  Ha#a/2(a+x[0#Tl  ),  $,♦'  e  Ha(R+), 

e  H°^2([0,T])  end  assume  that  the  compatibility  conditions 


(2.21) 


♦(0)  -  +(0) 

lim  t1/2*(t)  -  f(0,0)  +  b^'(0) 
t+0 


hold.  Then  the  solution  of  problem  (2.20)  satisfies 


(2.22) 


lu,Vt1/2uKxlajV2  < 


where  c  depends  on  a  and  b.  Moreover  we  have 


(2.23) 


1/2 

lim  t  '  a  (x#t)  -  0,  X  6  R 
t-t-0 


Denote  by  f ,  )  smooth  extensions  of  the  function  f ,  ♦  to  the  doswins 

rx[0  ,T]  and  R  respectively.  Subtracting  from  u  the  solution  of  the 

**1/2  -  — 

Cauchy  problem  with  right  hand  side  t  f  and  initial  values  ♦  and  using 
Theorem  2.1,  we  see  that  we  have  to  prove  Theorem  2.2  only  for  f  -  +  ■  0,  an 
assumption  we  make  throughout  this  section.  In  this  case,  the  compatibility 
conditions  (2.21),  together  with  the  assumption  ♦,t1y/2t|»'  e  H°^2([0,t]),  can 
be  stated  in  the  form 


(2.24) 


*88 


where  Q  has  been  defined  in  (2.6).  The  change  of  variables  y  x  + 

2bt1^2  is  of  no  help  for  the  proof  of  Theorem  2.2  since  R+x[0,T]  is 

1/2 

transformed  to  the  domain  {(y,t)  i  t  e  |0,T],  y  >  2bt  }.  However,  we  may 
assume  a  ■  1 ,  by  a  linear  change  of  the  t-variable. 

Let  us  first  obtain  a  representation  for  the  solution  of  problem  (2.20) 
(with  a  ■  1,  f  ■  ♦  *  0)  in  terms  of  the  fundamental  solution  K(x-y,t,s) 


for  the  equation 


By  taking  Fourier-transforms  we  see  that 


K(x,t,s)  -  T(x  +  2b(tV2  -  sV2),t-s) 

<2*26>  1/2  1/2  2 

-  (4tr)-1/2(t-.)-,/2exp(-  — -b(4-":8;  9  >)  )  . 

Using  (2*1),  (2.2),  (2.14)  and  the  fact  that  X  satisfies  equation  (2.25) 
for  x,  t-s  ¥  0  one  can  easily  check  that  X  satisfies  the  same  estimates  as 
the  fundamental  solution  of  the  heat  equation 

2 

(2.27)  |D^D*X(x,t,s)  |  <  c(t-a)  ^2  *  exp(-c  -j~)  . 

Also  note,  that 

(2.28)  |-  K(x,t,s)  +  X  (x,t,s)  +  bs"1/2X  <x,t,s)  -  0,  X,  t-s  ¥  0  , 

09  XX  X 

which  follows  from  (2.26). 


Proposition  2.1.  Let  ♦  e  Qw  .  The  solution  of  problem  (2.20)  (with 
f  •  ♦  ■  0)  can  be  represented  in  the  form 

(2.29)  u(x,t)  -  -2  /£  Kx(x,t,s)x(s)ds 

where  x  e  Q^2  i8  the  solution  of 

(2.30)  X(t)  -  *(t)  +2  /J  Kx(0,t,s)x(>)ds 
and 

(2.31)  l»VJX-lV2  «  «|t,/V|^  • 


(RX)(t)  1-  -2  /J  Xx(0,t,s)x(«)ds 


Proof.  Me  claim  that  the  operator  R  defined  by 

(2.32) 

is  a  strict  contraction  on  the  space  Q  with  respect  to  the  norm 
,X,C-lt1/Vlo/2.  We  have 

hft1/2  -  -V21  ,v,..V2  .1/2>l2 

-2  x  (o.t.s)  -  - z-S — l  eXDr.  Ml - li 

^  ax^g,t,si  1/2  3/2  eXp'-  t-s  } 


and  we  rewrite  Rx  in  the  form 


1 


N 


ft 


<RX)<t)  -  /, 


«  w^2  (1-.)1/2(1+.V2) 


®xp(-  '  ^  )x(t»)d« 


-«  f\  r(b,s)x(ts)ds  . 


1/2  2 

Substituting  z  »■  (b(1-s  ))  /(1-s)  we  see  that 


(2.33) 


IrCb^Olf  “  »“1/2/J  *‘1/2exp(-*)d*  <  1  . 

b  +* 


Since 

t1/2(Rx)'(t)  -  /J  {r(b,s)s1/2)(ts)1/2x,(ts)ds 
this  implies  that  R  is  a  contraction  on  Q. 

Zt  remains  to  show  that  u,  given  by  (2.29),  satisfies  the  boundary 
condition  u(0,*)  *  We  write  (2.29)  in  the  form 
u(x,t)  • 

n 


. „.,J/2  1/2. .2 


Ji 


°  »,/a(t-.)3/2 


.  .,/2n2 

«*p(-  1  -  Xlt))^ 


,  *  Mt -  .’*> 
J°  .,/2<t-.i3/2 


1/2  1/2.  .2 

exp(-  - 4 Tt-if - ^)x(*)<*» 


■*  I 


\*1 


and  obtain 


lim  I. (x)  ” 

K*0 


X(t) 


lim  /; 
x+0 


t/x' 

0 


21 


1/2 


,-3/2  exp(.  (U2b^t/x2l1/2  -  <t/x2-s)1/2))2 


4s 


)d» 


0 


-13- 


|l2(x)|  <  c  Jj  x(t-s)’3/2  exp(-c  ^IjHt-s)<V,2|xl<v>2da  < 


li*  I.(x)  -  (RX)(t)  -  9(t)  -  x(t)  . 
x+0 

He  now  analyse  the  smoothness  of  the  solution  of  problem  (2.20)  via  the 
representation  (2.29). 

Proposition  2.2.  Let  u  be  defined  by  (2.29)  with  x  6  ht,  y  <  1/2,  then 
(2.34)  l«lY  t  <  c|XlY  • 

Proof.  Assume  1  xl Y  <1*  In  particular,  since  x(0)  -  0,  |x(t)|  <  tY.  He 
let  t-t'  “the  (0,t/3)  and  write 

-  ^  ( u( x, t)  -  u( x, t* ) )  - 

^t-2h  Vx't'*,(X(«>  ”  X(t))ds 

-  J^l2h  Kx(x,t’,s)(x(«)  '  X(t’))da 

+  /q  2h(Kx(x,t,s)  -  Kx(x,t',s))(x(8)  -  x(t'))ds 

♦  /qH  Kx(x,t,t-s)(x(t)  -  x(t'))ds 

+  /gh  (Kx(x,t,t-s)  -  Kx(x,t',t,-s))x(t' )ds 

^  9  ‘IV 

♦  J0  "  (Kx(x,t,t-2h-s)  -  Kx(x,t,,t,-2h-s))x(f )ds 


+  /I?  X  (x,t,h-s)x(t’)ds 


We  set 


(2.35) 


»u.„  nw*1* 


and  with  this  abbreviation 


Kx(x,t,s) 


1  (t-s)~1A(t#s)exp(-A(t,s)2) 


2* 


1/2 


-s  K1 (x,t,s)  +  K2(x,t,s) 


where 


I  X  2 

K  (x,t,s)  -  -  - TTT  - TyT  exp(-A(t#S)  ) 

1  4* '  (t-s) 


V'* . — T75 


2."  <t->VV/2  +  .1/2> 


exp(-A(t#s)  )  . 


Nota  that#  by  (2.2)# 

2  x2 

(2.36)  exp(-A(t#s)  )  4  c  axp(-c  . 

Using  this#  t-t‘  -  h  <  t/3  and  (2.27)  we  estimate  tha  integrals  I y  as 
follows. 


I1)!  *  c  /J_2h<l*,l  * 

<  0<hT  *  t-V2(t-.)^V2d.)  <  ch1  . 

|  Z2 1  is  astimatad  similarly. 

|13I  <  ch  /J‘2h|Kxt(x,C,s)|  (f-s)Yds 

4  ch  /J"2h  (t'-s)"2+Ydx  4  chY  . 

|I4I  4  chY  /f(|Ktl  ♦  |K2 1 ) 

.  .7, ,  r2h  -1/2  -1/2 .  .  „  .7 

4  ch'(1  ♦  JQ  t  s  ds)  4  ch  . 
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Sine*  |—  (A  exp(-A  ))|  <  c  and 


|A(t,t-a)  -  AU'.t'-a)! 


(2.37) 


«•  obtain 


“1/2. 

ca  I 


t1/2  +  <t-.)1/2  '  (f)1/2+  (f-.)1/2 


c.1/2t-,h,/2 


8inc« 


|I5I  <  c(t')Y  /J*1  a”1 |A(t,t-a)exp(-A(t»t-e)2)  - 

A(t* ,t'-a)axp(-A(t* ,t'-a)2) Ida 
<  ch^V1  /?  .-,/2da  <  chY  . 


|A(t,t-2h-a)  -  A(t* ,t'-2h-a) |  - 


(2.38)  c(a+2h)"1/2|t1/2  -  (t-2h-a)1/2  -  (t*)1/2  ♦  (t*-2h-a)1/2|  < 

c(a+2h)"1/2h(t'-2h-a)"1/2 


w  obtain,  tor  y  <  1/2. 


|I6I  <  c(t' )Y  /*  ^( a+2h)  1 |A(t.t-2h-a)axp(-A(t,t-2h-a)2) 


A(t*,t,-2h-a)a«p(-A(t,,t,-2h-a)  ) Ida 


<  ctY  /J,"2h(a+2h)”3/2h(t,-2h-a)“1/2da 

<  ctV/2t-1/2  <  chY  . 

1 17 1  <  c(t')Y  /q  (t-h+a)  'da  <  ctY  ht  1  <  chY  . 


Propoaition  2.3.  Let  u  be  defined  by  (2.29)  with  x  8  0Y,  y  <  1/2,  t 


Proof,  ahum  It1/2X’IY  <1*  By  (2.28)  wo  have 


ux(x,t)  -  -2  /J  Kja|(xftvs)x(a)4a  ■ 

-2  K(x,t,s)Xa (s)ds  ♦  2b  /£  Kx(x#t,o)o“1/^2x(*)do 
■i  v(x,t)  ♦  w(x,t)  . 


8inco,  by  Leasut  2.4,  |t-1^2xlY  <  c,  Proposition  2.2  implies  |w|  <  c. 

Lot  t-t'  -the  (0,t/3).  As  in  tho  proof  of  Proposition  2.2  we  writs  the 

1  p 

difference  -  --(v(x,t)  -  v(x,t* ))  in  the  font  £  J  where  the  integrals 

2  \*1 

Jy  are  defined  as  Iv  but  with  K*  replaced  by  K  and  x  by  X*  •  Using 
t-t*  -  h  <  t/3,  (2.27)  and  the  inequalities  (e.f.  Ls— s  2.3) 


IX*(t)|  <  ct 


1/2+Y 


lx*(t)  -  x'  (•)  I  <  C(t-S)V1/2.  8  <  t  , 


we  estimate  the  integrals  Jy  as  follows. 

|J,|  <  c  f^_2h  (t-s)“1/2(t-s)V1/2ds  <  chY  . 
|J2t  is  estimated  similarly. 

|J3I  <  ch  /J"2h  |Kt(x,C,s)|  (f-s)VV2ds 
<  ch  /J-2h(t-.)-3/2+V1/2d.  <  chY  . 


U4I  <  chY(t' )”1/2/^b  s”1/2ds  4  chY  . 

With  A  defined  by  (2.35)  we  have,  using  (2.37), 

|J5I  <  c(f)T‘1/2/02h  s"1/,2|exp(-A(t,t-s)2)  -  exp(-A(t',t'-s)2)|ds 

„  ^7-V2  /2h  -11/2.  .  .  Y 

<  ct  Jq  h  ds  <  ch  . 


17- 


By  (2.38), 


|exp(-A(t,t-2h-s)2)  -  exp(-A(t' ,t'-2h-s)2) I 

<  c(8+2h)"1/2h(t'-2h-8)"1/2  |A(5,C-2h-B)exp(-A(C,C-2h-8)2)| 

<  c(8+2h)“1^2h(t,-2h-8)-1^2  | - exp(-c  +  (s+2h)1'^2  (t' ) 

(s+2h)1/2  8+211 

It  follows  that 

|J,|  <  c(f)“V2+Y  /„'“2h(8+2h)"1/2|exp(-A(t,t-2h-8)2)  - 


exp(-A(t',t*-2h-s)*) |ds 


<  ct”1/2+Y  hltf'-*1 


( s+2h) 


exp(“c  ~r)(t,-2h-B)”1/2ds 


+  t"1/2/J'“2h  (s+2h)“1/2(t,-2h-8)"1/2ds| 


<  ct"1/2+Yht“1/2<  chY 


|J7I  <  c(f)‘1/2+Y  /J  <t-h+s)"1/2dx 


<  ct“1/2+Yht"1/2<  chY 


Proposition  2.4.  For  ^  8  Q  ,  the  solution  of  problem  (2.20)  (with 


f  *  ♦  -  0)  satisfies 


(2.40) 


1/2 

Proof.  Assume  |t  Iq/2  <  Since  v  satisfies  (2.25)  and 

v(»,0)  •  0,  v(0,»)  ■  ux(0,«)  we  have 

v(x,t)  -  -2  /*  Kx(x,t,s)x(«)ds 

with  x  the  solution  of 

X(t)  -  ux(0,t)  ♦  2  Kx(0,t,s)x(»)ds  . 

By  Proposition  2.3,  ^ux^0,*^a/2  *  G*  and  the  proof  of  Proposition  2.1,  in 

particular  (2.33),  shows  that  this  implies  | xi  <  c. 

a/2 
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Let  x-x'  =»:  h  >  0  and  assume  that  t  >  h  .  We  write 


-  ^  (v(x,t)  -  v(x',t))  - 

/fc  K  (x,t,s)(x(s)  -  X(t))ds 
t-)»  X 

-  /fc  K  (x',t,s) (x(s)  -  X(t))ds 

t-n  x 

2 

+  / o  "  (Kx(x,t,s)  -  Kx(x*,t,s))  (x(s)  ”  X<t))ds 

+  /g  (Kx(x,t,s)  -  Kx(x' ,t,s) )x<t)ds 
4 

I  Iv  • 

vl 

2  —  n/2 

Using  h  <  t,  (2.27)  and  |x(t)|  <  ct^  we  estimate  these  integrals  as 
follows. 

I X.  |  <  c  /fc  2  (t-s)  ^(t-sl^ds  <  ch°  . 
t-h 

1 1 2 1  is  estimated  similarly. 

2 

|I3I  <  ch  /J"h  |Kxx(C,t#s)|(t-s)^2ds 

.  .  rt-h2  , .  . -3/2+ a/2 .  .  a 

<  ch  J0  (t-s)  ds  <  ch  . 

Set  I(x)  :«*  /g  K^(x,t,s)ds.  By  (2.28)  we  have 
| I*  <  X) 1  -  |/q  Kxx(*#t,s)ds| 

<  |K(x,t,»)|g|  +  c  / g  |Kx(x,t,s)|s  1/2ds 


”1/2.  ft  _ x 


<  c(t"1^+  r 


x  x  f  x  \  -1/2. 

0  “Vi  eX^-c 


.  ft  _ 1 _  ”1/2  . 

J0  ^  .1/2.  1/2  1/2.  8  d8) 


It  follows  that 


It  I  ^  _i.a/2  -1/2  a 

I I . I  <  ct  ht  <  ch  . 

4 


Combining  the  above  estimates  we  have 


|v(x,t)  -  v(x',t)|  <  clx-x'l01/  |x-x'  |2  <  t  . 

Since  v(»,0)  -  0  and,  by  Proposition  2.3,  |v|  <  c,  this  inequality 

Of  t 

2 

holds  for  |x-x'|  >  t  too. 


Proof  of  theorem  2.2.  As  we  already  remarked  we  may  assume  f  ■  $  *  0.  Fo 

^  ye 

♦  e  Q  it  follows  from  Propositions  2.1  -  2.4  that 


(2.41) 


'"•“.'..a/a  *  c";V2*,|V2  ’ 


to  complete  the  proof  of  assertions  (2.22),  (2.23)  we  write  the  solution  of 
problem  (2.20)  in  the  form  u  =  v+w  where  v  and  w  are  solutions  of  the 


problems 

(2.42) 


(2.43) 


-1/2  — 

vt  -  -  t  '  bux,  (x,t)  e  *  X  [0,T1  , 


v(  •  ,0)  -  0 

wt  -  -  0,  (x,t)  e  X  (0,T]  , 

w(»,0)  *  0 

w(0,»)  -  ♦  -  v(0 , • )  . 


Here,  u  denotes  a  smooth  extension  of  u„  to  the  domain  R  x  [0,T].  By 

X  x 

(2.41)  and  Theorem  2.1, 

lv,v  ,t1/2v  ,w,w  I  .  4  c|t1/2t*|  M  . 

x  xx  x  a, o/2  a/2 

Also  note  that,  by  (2.10), 


lim  t1/2(*'(t)  -  v  (0,t>)  -  (lim  t1/2f(t))  -  b*  (0)  -  0  , 
t+0  t-K)  x 

and  it  follows  from  lt^2v  I  .  <  lt^2v  I  .  +  Ibu  I  that 

t  a, a/2  xx  a, a/2  x  o,  a/2 

**  a/2 

♦  » ■♦-v(0,»)eQ  .  Therefore  it  remains  to  show  that 


(2.45) 


lim  t  w  (x,t)  =0,  x  e  R 
xx  + 


t+O 


1  /2  *** 

Assume  |t  '  ^'la/2  *  1  *  We  have 


lwxx(x,t)l  =  lwt(x,t)^  =  I2  /q  rx(x,t-s)?‘ (s)ds| 


(2.46) 


rt  x  t  x  ,  -1/2+<^2_  .  _  ^/2+a/2 

<  c  ln  - J/$  exp[-c  —  Js  ds  <  c  t 


(t-s)- 


which  proves  (2.45). 


Let  x-x'  =:  h  >  0  and  assume  that  h  <  t,  h  <  x/2.  We  have 


xx 


(x,t)  -  wxxt*'»tH 


1 2  Jj  (rx(x,t-s)  -  rx(x*#t-s))<:-(s)ds|  < 

ch  /J  |r  (e.t-s)|s"1/2+V2ds  < 

J0  xx 


ch  Jj  (t-.»-3/2  axp(-c  < 


X  ,  -1/2+ C/2 


«-,/2h» 


In  combination  with  (2.46)  this  shows  that 


|t1/2w  |  ,  lt1/2^2w  I  <  c  . 

xx  a.x  xx  “ 


To  complete  the  proof  of  (2.44)  note  that 

< 


xx'a/2,t,R+x[t,T] 


«'l«„C.t)la.  l*1la,2f(trT))  <« 


-1/2 


and  apply  Lemma  2.3. 
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3.  Extension  to  variable  coefficients 


Reduction  of  the  problem 


We  show  in  this  section  that  it  suffices  to  prove  Theorem  1.1  for 
£  «  8°'*/2  and  ♦  -  »v  -  0. 

Let  b,  f,  $  be  smooth  extensions  of  the  functions  b,  f,  <p  to  the 
domains  R  x  [0,T]  and  R  respectively  and  set  $(x,t)  :=  $(x).  Let  v  be 
the  solution  of  the  problem 


(3.1 ) 


—  1  /2  —  — 

vfc  -  v^  -  t  (b  $x  +  f),  (x,t)  e  RX[0,T]  , 


v(»,0)  =  $ 


and  set 


V(x,t)  x(^(t)-v(1,t))  +  (1-x)(i|»0(t)  -  v(0,t) )  . 


Then  the  solution  of  problem  (1.1)  can  be  written  in  the  form 


(3.2) 


u  *  v  +  V  +  w 


where  w  is  the  solution  of  the  problem 


(3.3) 


”t  -  “ax  '  t’1/2b"x  '  t"’/2g'  <x'°  e  ^ 


w(x,o)  =  o  ,  x  e  to,i]  , 
w(v,t)  =  o  ,  t  e  [o,t] ,  v  ■  o,i  , 


[0,1]x[0,T]  , 


1  /2  ^  1  /2 
g  ;=  t  '  (a-1)v  +  b(v  -  $  )  -  t  '  V.  +  bV 

XX  X  X  t  X 

By  Theorem  2.1  and  the  definition  of  V  we  have 


lv,v  ,t1/2v  ,t1/2v  ,V,V  ,t1/2V  I  .  < 

x  xx  t  x  t  o, a/2 


(3.4) 


c(lf« 


where  c  depends  on  Ibl^  a/2'  Moreover, 

1/2 

(3.5)  lim  t  '  v  (x,t)  =0  ,  x  e  [0,1]  . 

t+o  ** 

This,  together  with  the  compatibility  conditions  (1.5)  and  the  equation  (3.1), 
implies 

1/2 

lim  g(x,t)  “  lim  (-t  V  (x,t)  +  b(x,t)V  (x,t))  ■ 
t+0  t+0  x 

lim  (-t1/2(x*'(t)  +  (1-x)*'(t)))  + 
t+0 

x(b(1 ,0 )$' (1 )  +  f(1,0))  +  (1-x)(b(0,0)$* (0)  +  f(0,0)) 


+  b(x,0  )  ( (^  (0 )  -  v(1 ,0 ) )  -  (*Q(0)  -  v(0 ,0  ) ) )  -  0  . 


By  (3.4)  and  the  assumptions  (1.3)  and  (1.4)  on  a,  b,  $,  f<s  it  follows  that 
,  6 


In  view  of  the  above  reductions.  Theorem  1.1  is  a  consequence  of 
*  a# a/2 

Theorem  3.1.  For  g  e  H  (fl^),  the  solution  of  problem  (3.3)  satisfies 


(3.6) 


1/2 

'"■V  “x/«,<V2,(iT  «  ',9,t,,a/2.aT 


where  c  depends  on  a,  an,  la,bl  _  and  T.  Moreover  we  have 

u  a,  <v2,«t 


(3.7) 


lim  t  w  ( x, t)  ■  0  . 

.  XX 

t-K) 
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3*2.  Auxiliary  lemmas 

For  X  t“  1/J,  JeM,  we  set  :■  jX,  j  ■  and  choose  cut  off 


functions  with  the  following  properties 


(3.8) 


0  <  hj (x)  <  1 

I  n.(x)2  -  i  ,  x  e  [o,i]  , 

j  3 

x^  e  supp  Tlj 
Isupp  n^l  <  cX 

loVl.  <  cX“k  . 


Note  that,  by  the  third  and  fourth  property,  the  supports  of  at  most  c 
!  -  dependent  of  X)  n^'s  can  have  a  common  intersection.  We  set 


M.j(x,t)  :■  n^(x)  . 


and  for  simplicity  of  notation 


'  't  !*  1  'a. <^2.^  • 


(3.9) 


3.1.  For  f  ■  J  f  with  supp  f j  C  supp  M . , 
j  3  3 


If I  <  c  sup  If . I 
T  j‘ r  j  T 


Proof.  Let  us  prove  the  estimate,  e.g.,  for  |  |  .  For  x,x'  set 

a,x 

I  :*  {j  :  x  e  supp  hj  or  x'  e  supp  i^}.  Since  by  (3.8)  |l|  <  c,  we  have 

|f(x,t)  -  f(x',t)|  -  {  l  f  (x,t)  -  f.(x',t)| 

jei  3  3 

<  c|x-x* I®  sup  |f. |  . 

jei  3  a,x 


(3.10) 


3.2.  For  f  e  H a,a/'2(nm)  With  T  <  X2, 
-  T 

I  sup  IM . f I  <  elf  I  , 

j  j  T  T 


where  the  constant  c  does  not  depend  on  X  and  T. 
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This  follows  from  (3*8)  and  the  inequality 


(3.11) 


luvl^  <  ,uI.My  ♦  M^lvl^  . 


E—W-3.3.  If  w(«,0)  -  wx(»/0)  -  0  and  |w|  1/2+<v'2/t, ,WXIT  <  1#  then 


l[DVlt,/V.I,  <  cxVt-M>/2,  .  -  0,1  . 

X  j  X  T 


(3.12) 

where  the  constant  c  does  not  depend  on  X  and  T. 
Proof.  Let  us  prove ,  e.g.,  the  inequality 


M  n  <  CT 
a'x'"T 


1/2 


J/2 


For  | x-x ' |  <  T  we  have 

|w(x,t)  -  w(x',t)|  <  |x-x'|  Iw^^ 

<  |x-x'|  V/2"‘"/2Ta/2|»  | 

and  for  |x-x'|  >  T1^2, 

|w(x,t)  -  w(x',t)|  <  2|x!-x'|C^  *^2 lwl— 

<  2|x-x*lVV2T1/2+a/2lwl 

1  |  T  T  1*1  1/2+04/2, t,^  * 

All  other  inequalities  can  be  easily  deduced,  using  (3.11),  (3.8)  and  the 
inequality 
(3.13) 


lx,Y’,(0,T]  <  tY  Y  IxIy,[0,t] 


for  x€  H'([0,T])  and  y'  <  y. 


3.3.  Proof  of  the  main  theorem 

Denote  by  L  the  differential  operator 

L  :  w  »♦  w.  -  aw  -  t  1  ^2bw 

t  XX  X 


~  -1 


To  prove  Theorem  3.1  we  define  an  approximate  right  inverse  L  to  L  by 

L  _1(t"1/2g)  -  l  ».L*1(Nt‘1/2g) 

3  3  3  3 
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(3.14) 


where  w^ 

(3.15) 


with  Oj 


*-  L^tM^t 


-1/2 


r (wj,t  -  *<* 

^  w  ^  *  0  on 
i-  R+*10,T]  if 


g)  is  the  solution  of  the  boundary  value  problem 
j.OMw^xx  -  t’1/2b(xj,°)(Wj)x  -  Mjt*1/2g  on  Qj 


as 

o 


j 

e  supp 


and  i—  (-•,1]xlO,T] 


otherwise. 


Proposition  3.1.  Set  w  t«  L  *(t  *^2g).  Then,  for  g  S  Ha#fl^2(^p)  with 
T  <  A2,  we  have  w,  w^,  t*^2  w^  6  fia,C^2(flip)  «nd 

(3.16)  ,*#*x't1/2*xx,T  <  Clg,T 

where  the  constant  c  does  not  depend  on  A  and  T. 


Proof.  AasuM  that  T  <  A  and  lgl?  <1.  By 


3.2,  <  c. 


Applying  Theorem  2.2  to  problem  (3.1),  it  follows  that  Wj,(w^)x, 
(t1/2w.))xx  e  la#°/2(nT)  and 


.1/2. 


lwj,<Wj,«,(t  Vxx't  <  c 


(3.17) 

By  Lemma  2.4  and  (3.15)  this  implies  in  particular 

(3.18) 


1/2 

,wj*1/2+a/2,t,aT  <  **  (wj)t,T  <  c  * 


Since  w 


‘  \  Vj 


we  obtain,  using  Lemmas  3.1  -  3.3, 
1/2 


Iwl  <  c  sup  lM.w.l„  4  C  T 
T  j  j  j  T 

lw  I.  <  c  sup  ( I (M , )  w. I_  +  1M. (w. )  I  )  <  c  . 

XT  *  j  x  j  T  jjxT 

1  /2^ 

V«x't  < 

c  .up  (i<«J)10,t,/2.J.T.  l(Hj)x(t,/J.J)xiT  *  ■<t,/2.j)xxlT)  <C 


-26- 


Proposition  3.2.  The  operator 


maps  Sa'^2(Q  )  into  itself.  Thsrs  exist  XQ  snd  TQ  <  X2  such  that 


(3.19) 


*59  -  gl  <  7  »gi 

0  0 


proof.  The  first  assertion  of  the  Proposition  is  clear  fro*  Proposition  3.1, 


He  write 


t1/2L  L  -  ,  - 


tV2(I  (UlljWj)  -  +  I  - 

tV2  I  ‘'"j’xx'j  +  2  tV2  |  *"Vx<*j,«  +  |  b<Mi’."j  * 

t1/2  l  M^a  -  *<*j»0>)^j>lot  ♦  X  *yb  “  b(*j»0),(wj,x 


-«  l  K  • 


where  we  used  that 


tVZ  l  -  t1/Z  l  (Mjt_1/2g)  -  g 

since  ^  0*.)2  “1*  Assuming  T  <  X2,  Igl  <  1  and  using  (3.17),  (3.18)  and 

j  3 


3.1  -  3.3  we  estimate  these  terms  as  follows. 


IX.I-  < 

4  T 


1/2. 


c  .up  (U  -  a(Xj#0 ) l— #-Upp  Mj  ' ‘"^T  + 


1/2 


lal  IM  ,(t  '  w .)  I  )  < 
T  j  j  xx  • 


c  Ua  ♦  T^2)  . 


'Vt  ‘ 

c  (lb-bUJ.0)l.#wwl|j  n..T  ■MJ(«j>xl„>  < 

o  a°  ♦  T^2)  . 


Combining  these  estimates  we  have 


I  l  Vt  <  c(X"2t  +  X"1T1/2  +  X°+  T*'2) 


v-1 


which  proves  the  Proposition  with  XQ  j-  (8c)“1/,a,  TQ  (AQ/(8c))2. 


By  Proposition  3.2,  the  operator  S  is  boundedly  invertible  on 

S0,C^2(0  ).  it  follows  that,  for  g  e  H°/0^2(fl  ),  L  \t  1//2S_1g)  is  a 

0  T0 

solution  of  problem  (3.3).  Therefore,  Proposition  3.1  proves  Theorem  3.1 
with  T  -  Tq.  Using  the  standard  results  for  linear  parabolic  equations  with 
smooth  coefficients  [L,  Thm.  5.2,  p.  320]  the  estimate  (3.6)  remains  valid  for 
any  finite  rectangle  Q^.  In  view  of  the  reductions  made  in  section  3.1,  the 
proof  of  Theorem  1.1  is  complete. 
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